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Outline

• Nonlinearity of kinetic inductance
– Manifestation in superconducting resonators

• Kinetic Inductance Parametric Up-Converter 
(KPUP)
– Multiplexable current sensor

• Kinetic inductance parametric amplifiers



Nonlinear kinetic inductance
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Nonlinear kinetic inductance 

• Dq ~ I2 

• Line length =0.1m 
-> 21 radians
• DL/L(0) ~ 5%
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Kinetic Inductance Non-linearity

• Ginsberg-Landau theory
– suppression of superconducting order parameter by superfluid velocity

• Nonlinearity is large for materials with large l
– High normal state resistivity, eg. Nitrides TiN, NbTiN, …

• Dns is not associated with quasiparticle creation

From sonnet simulations, the sheet inductance of the TiN films is found to be L
s

= 6.2pH. The
eÆective bulk penetration depth can be found from ∏

eff

=
p

L
s

t/µ0 ª 500µm, where t is the film
thickness. This eÆective penetration depth was used along with (a modified version of) the program
“induct.c” to calculate the supercurrent density in the transmission lines (fig. 1 – right). Given
these results, it is reasonable to take the current as being uniform throughout the conductors.
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Figure 1: Left: Measured phase shift at 2 GHz versus DC current added to two TiN transmission
lines. The total length of the two lines corresponds to approximately 21 radians in each case. Right:
Calculated current distributions in the CPW and CPS lines. The current is nearly uniform owing
to the large value of the penetration depth relative to the film thickness.

3 Comparison with theory

The Ginzburg-Landau theory is used to analyze situations where the superconducting order pa-
rameter varies in space or in response to applied fields. GL theory is only rigorous near T

c

, but
has been found experimentally to be useful over a wider temperature range. One prediction of the
theory is a suppression of the superconducting order parameter with superfluid velocity, v

s

(see
Tinkam 4.34),
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Here, ª is the GL coherence length, and |√| is identified with n§
s

, the eÆective density of pairs in
the condensate, which is related to the experimental penetration depth ∏

eff

= (m§/µ0e
§2n§

s

)1/2.
For v

s

much lower than the critical velocity at which quasiparticles are created, we can write

2

Epair = 2N0Δ
2V

Supercurrent kinetic energy

Condensation energy

eqn. 3 in a more intuitive form as
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where n§
s,0 is the unperturbed value of n§

s

, and H
c

is the critical field. The factor µ0∏
2
eff

J2
s

is (twice)
the kinetic energy of the supercurrent and µ0H

2
c

is (twice) the energy associated with condensation
of the superconducting state. Note that for a type II superconductor, we can take H

c

ª
p

H
c1Hc2.

As we do not know of or necessarily trust previous measurements of these quantities, we can also
estimate this parameter from the relation N(0)¢2/2 = µ0H

2
c

/2. For ¢ = 0.7meV (a guess) and
N(0) = 8.7£ 109ev°1µm °3 as quoted in Leduc et al., we obtain µ0Hc

= 0.029 T.
The suppression of n§

s

leads to a change in surface inductance and phase shift according to
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where Æ is the kinetic inductance fraction. Clearly the GL theory predicts the correct form of
the frequency shift. To compare with the measurement we find the critical field values that make
eqn. 4 fit the data. Plugging in the value of ∏

eff

from the sonnet simulations and Æ = 0.75 from
induct.c, we obtain µ0Hc

= 0.020 and 0.022 T, for devices 1 and 2 respectively.

4 Comparison with resonator non-linear response

The non-linear response of one of the lumped–element resonators is shown in fig. 2 for a variety
of feedline powers. The inductor of the resonator was a meander line with 5µm width. The data
were fit to a model that assumes a standard lorentzian type resonance dip, but with a resonance
frequency that depends on the square of the resonator current at each point along the resonance
curve:

S21 = 1° Q
t

/Q
c

1 + 2iQ
t

[f0 + ±f0(f)° f ]/f0
(6)

where ±f0(f)/f0 = ±v
ph

/v
ph,0 = °kI

res

(f)2, and f0 is the unperturbed resonance frequency.
We need to relate the resonator current to the feedline power and transmission at each point

on the resonance curve. This can be done using

Q
c

=
!0U

stored

P
out

(7)

where P
out

the power lost by the resonator into the coupling circuit, the stored energy in the
resonator U

stored

= LI2
res

= Z0I
2
res

/!0, I
res

is the RMS current and the resonator impedance Z0 is
estimated to be 300≠. For the shunt resonator configuration, P

out

= |1° S21|2P
feedline

. Thus

I2
res
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Q

c

|1° S21|2P
feedline

Z0
(8)

Both sides of eqn. 6 contain S21, but we can easily solve iteratively for the nonlinear resonance
curve for particular values of k and P

feedline

. For each value of the feedline power, we fit the
resonance allowing both k and f0 to vary. The values of Q

c

and Q
i

were constrained by a fit to
a low power resonance curve. We found that it was necessary to allow f0 to vary to obtain a
reasonably constant value of k for diÆerent P

feedline

.
The fit results can be compared with the parameter µ0Hc

found from the DC current measure-
ment and that estimated from the material parameters by equating the fractional frequency shift
±f/f0 with the fractional change in phase velocity on the feedline ±¡/¡0. These results are shown
in fig. 3. The values are clustered around the same value found in the DC current measurement.
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TiN Resonator measurements

• Upward frequency sweeps

The origin of the bifurcation is conceptually simple to
understand and is visualized in Fig. 3. If the generator fre-
quency is swept upwards starting from below the resonance,
the resonator current increases as the detuning decreases,
and the nonlinear inductance causes the resonance to shift
downward toward the generator frequency, reducing the
detuning further. This process eventually results in a run-
away positive feedback condition as the resonator “snaps”
into the energized state. In contrast, sweeping downwards
from the high-frequency side results in negative feedback as
the resonance also shifts downwards, away from the genera-
tor tone. The generator tone chases the resonance downward
until sweeping past the resonance minimum when the reso-
nator abruptly snaps back to its non-energized state. The
maximum frequency shift during downward frequency
sweeping will depend on the readout power and reflects the
I2 dependence of the kinetic inductance in Eq. (3). Notice
that smooth downward frequency sweeping allows access to
the entire high-frequency side of the resonance.

Fitting a measured resonance curve yields valuable
information including the resonance frequency and quality
factors. A fit to Eq. (1) of a calibrated resonance in the low-
power, linear regime under 6.4 pW of optical loading is
shown in Fig. 4(a). From this fit, we find Qi ¼ 8:7" 105;
Qc ¼ 8:1" 105, and the low-power resonance frequency is
fr;0 ¼ 1:06 GHz. A blind application of Eq. (1) in the nonlin-
ear regime results in a poor fit to the resonance, as exhibited

in Fig. 4(b). Instead, the frequency shifted detuning x at the
appropriate Pg must be found from Eq. (11) and substituted
into Eq. (1). The nonlinear energy scale E# can be deter-
mined from Eq. (12) by carefully measuring the generator
power at the onset of bifurcation (a $ :8). The results both
below and well above bifurcation can be seen in Figs. 4(c)
and 4(d). Here, the calibration parameters and the low-power
fitted quality factors have been fixed. Only the frequency
shifted detuning x has been substituted into Eq. (1) yielding
good agreement with the measured data over a broad range
of generator powers.

The maximum achievable readout power in this device
was limited by the abrupt onset of additional dissipation in
the resonator. Switching occurred at 18 dB above the bifurca-
tion power in this device at a dissipated power of Pdiss

> 1:6 pW. In the S21 plane, the new state traces out a circle
with a smaller diameter than the original resonance circle.
While the source of this additional dissipation is currently
under investigation, we can speculate that at a sufficiently
high readout photon density in the resonator, multi-photon
absorption by the quasiparticles can result in emission
of phonons with energy h! > 2D. These high energy pho-
nons can subsequently break Cooper pairs resulting in an
increased quasiparticle density.37 All measurements pre-
sented here were taken below the emergence of this behav-
ior. Comparing Figs. 4(a) and 4(d), it is evident that the
depth of the transfer function on resonance remained con-
stant from the linear regime to deep within the bifurcation re-
gime. This indicates that the device dissipation is readout
power independent. Thus, before the emergence of an addi-
tional device state, the nonlinear effects can be completely
understood as being reactive and not dissipative in nature.

FIG. 3. Response bifurcation due to feedback. Due to the nonlinear kinetic
inductance, the resonator current induced by the generator shifts the reso-
nance to lower frequency. (a) Upward frequency sweeping. As the tone
enters the resonance (position 2), runaway positive feedback causes the reso-
nance to quickly snap to lower frequency (position 3). (b) Downward fre-
quency sweeping. As the generator frequency decreases, negative feedback
pushes the resonance toward lower frequencies, away from the generator.
When the generator goes past the resonance minimum (position 5), the reso-
nance snaps back to its unperturbed state (position 1). In both subplots, verti-
cal lines indicate various generator frequencies during a frequency sweep.
The intersection of a given measurement tone and the corresponding shifted
resonance is marked with an X. The locus of these intersections traces out a
hysteretic transfer function (dashed lines) as the frequency is swept upwards
or downwards.

FIG. 4. Fitting measured resonances for a range of the nonlinear parameter
a. In the linear case (a), application of Eq. (1) yields the desired resonance
parameters. As the readout power is increased (b), direct use of Eq. (1) is no
longer sufficient and results in poor agreement with the data. Instead, the fre-
quency shifted detuning x can be calculated from Eq. (11) and substituted
into Eq. (1). This approach results in good agreement to the data both below
(c) and above (d) the onset of bifurcation.
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and the nonlinear inductance causes the resonance to shift
downward toward the generator frequency, reducing the
detuning further. This process eventually results in a run-
away positive feedback condition as the resonator “snaps”
into the energized state. In contrast, sweeping downwards
from the high-frequency side results in negative feedback as
the resonance also shifts downwards, away from the genera-
tor tone. The generator tone chases the resonance downward
until sweeping past the resonance minimum when the reso-
nator abruptly snaps back to its non-energized state. The
maximum frequency shift during downward frequency
sweeping will depend on the readout power and reflects the
I2 dependence of the kinetic inductance in Eq. (3). Notice
that smooth downward frequency sweeping allows access to
the entire high-frequency side of the resonance.

Fitting a measured resonance curve yields valuable
information including the resonance frequency and quality
factors. A fit to Eq. (1) of a calibrated resonance in the low-
power, linear regime under 6.4 pW of optical loading is
shown in Fig. 4(a). From this fit, we find Qi ¼ 8:7" 105;
Qc ¼ 8:1" 105, and the low-power resonance frequency is
fr;0 ¼ 1:06 GHz. A blind application of Eq. (1) in the nonlin-
ear regime results in a poor fit to the resonance, as exhibited

in Fig. 4(b). Instead, the frequency shifted detuning x at the
appropriate Pg must be found from Eq. (11) and substituted
into Eq. (1). The nonlinear energy scale E# can be deter-
mined from Eq. (12) by carefully measuring the generator
power at the onset of bifurcation (a $ :8). The results both
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fitted quality factors have been fixed. Only the frequency
shifted detuning x has been substituted into Eq. (1) yielding
good agreement with the measured data over a broad range
of generator powers.
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tion power in this device at a dissipated power of Pdiss
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and the nonlinear inductance causes the resonance to shift
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into the energized state. In contrast, sweeping downwards
from the high-frequency side results in negative feedback as
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until sweeping past the resonance minimum when the reso-
nator abruptly snaps back to its non-energized state. The
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sweeping will depend on the readout power and reflects the
I2 dependence of the kinetic inductance in Eq. (3). Notice
that smooth downward frequency sweeping allows access to
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Nonlinear “Duffing” oscillator

• Resonance frequency depends on resonator current
• Hysteretic resonance curves:

Increasing 
drive power



Non-linear resonator model

• Hysteresis past a critical drive 
power

• Determines contribution of 
amplifier to detector noise

• No nonlinear dissipation (under 
some conditions) - kQ = 0 !

S21( f , Ires ) =1−
Qr /Qc

1+ 2iQr[ fr,0 −δ fr (Ires )− f ] / f0

4

detuning at low power, x0. To see this, recall from Eq.
(4) and Eq. (6) that x = x0 +E/E∗. Combining this with
Eq. (10) yields

x = x0 +
2Q2

r

Qc

1

1 + 4Q2
rx

2

Pg

ωrE∗
. (11)

Introducing the variables y = Qrx and y0 = Qrx0 as well
as the nonlinearity parameter

a =
2Q3

r

Qc

Pg

ωrE∗
(12)

allows equation 11 to be rewritten as

y = y0 +
a

1 + 4y2
. (13)

Using the definition of the quality factor Qr = ωr/∆ω
where ∆ω is the linewidth of the resonance, we see that
y = Qrx = (ωg−ωr)/∆ω. Thus y and y0 are the generator
detuning measured in linewidths relative to the power-
shifted resonance and the low-power resonance, respec-
tively. Solutions to Eq. (13) for a range of a are shown
in Fig. 2. As can be seen from this plot, y becomes non-
monotonic with y0 for a > 4

√
3/9 ≈ 0.8.

The origin of the bifurcation is conceptually simple to
understand and is visualized in Fig. 3. If the generator
frequency is swept upwards starting from below the res-
onance, the resonator current increases as the detuning
decreases, and the nonlinear inductance causes the reso-
nance to shift downward toward the generator frequency,
reducing the detuning further. This process eventually
results in a runaway positive feedback condition as the
resonator “snaps” into the energized state. In contrast,
sweeping downwards from the high-frequency side results
in negative feedback as the resonance also shifts down-
wards, away from the generator tone. The generator tone
chases the resonance downward until sweeping past the
resonance minimum when the resonator abruptly snaps
back to its non-energized state. The maximum frequency
shift during downward frequency sweeping will depend
on the readout power and reflects the I2 dependence of
the kinetic inductance in Eq. (3). Notice that smooth
downward frequency sweeping allows access to the entire
high-frequency side of the resonance.
Fitting a measured resonance curve yields valuable in-

formation including the resonance frequency and quality
factors. A fit to Eq. (1) of a calibrated resonance in the
low-power, linear regime under 6.4 pW of optical loading
is shown in Fig. 4(a). From this fit, we find Qi = 8.7×105,
Qc = 8.1 × 105 and the low-power resonance frequency is
fr,0 = 1.06 GHz. A blind application of Eq. (1) in the
nonlinear regime results in a poor fit to the resonance,
as exhibited in Fig. 4(b). Instead, the frequency shifted
detuning x at the appropriate Pg must be found from Eq.
(11) and substituted into Eq. (1). The nonlinear energy
scale E∗ can be determined from Eq. (12) by carefully
measuring the generator power at the onset of bifurcation
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FIG. 3: (Color online) Response bifurcation due to feedback.
Due to the nonlinear kinetic inductance, the resonator cur-
rent induced by the generator shifts the resonance to lower
frequency . (a) Upward frequency sweeping. As the tone
enters the resonance (position 2), runaway positive feedback
causes the resonance to quickly snap to lower frequency (posi-
tion 3). (b) Downward frequency sweeping. As the generator
frequency decreases, negative feedback pushes the resonance
toward lower frequencies, away from the generator. When
the generator goes past the resonance minimum (position 5),
the resonance snaps back to its unperturbed state (position
1). In both subplots, vertical lines indicate various generator
frequencies during a frequency sweep. The intersection of a
given measurement tone and the corresponding shifted reso-
nance is marked with an X. The locus of these intersections
traces out a hysteretic transfer function (dashed lines) as the
frequency is swept upwards or downwards.

(a ≈ .8). The results both below and well above bifurca-
tion can be seen in Fig. 4(c)-(d). Here, the calibration
parameters and the low-power fitted quality factors have
been fixed. Only the frequency shifted detuning x has
been substituted into Eq. (1) yielding good agreement
with the measured data over a broad range of generator
powers.

The maximum achievable readout power in this device
was limited by the abrupt onset of additional dissipation
in the resonator. Switching occurred at 18 dB above the
bifurcation power in this device at a dissipated power of
Pdiss > 1.6 pW. In the S21 plane, the new state traces
out a circle with a smaller diameter than the original
resonance circle. While the source of this additional dis-
sipation is currently under investigation, we can specu-
late that at a sufficiently high readout photon density
in the resonator, multi-photon absorption by the quasi-
particles can result in emission of phonons with energy
hν > 2∆. These high energy phonons can subsequently



Measurements at elevated T



• Regime with low (zero?) nonlinear dissipation had not 
be accessed in previous attempts to use K.I. 
nonlinearity for device applications 

Measurements at elevated T



Kinetic Inductance Parametric 
Up-converter (KPUP)



Kinetic Inductance current sensor

•

• for Pread = 1µW, TN = 5K,
– > ~ 6 pA / Hz1/2
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Up-conversion via kinetic inductance 
nonlinearity

• Sidebands produced through phase 
modulation:

6.32 GHz

5 MHz
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KPUP device concept

• low frequency current 
modulates resonator 
frequency

• compared to non-
resonant TRL:
– phase response 

increased by Q
– but max readout power 

decreased by Q^2
– smaller input 

inductance 

14

low pass filters

input / output microwave line



KPUP design
Design parameters:
• Ic = 2 mA
• Pread = 30 nW
• Lin = 20 nH
• Q ~ 100
• fres ~ 4 GHz

LP filter

nonlinear 
inductor
(0.5 um 
microstrip)

microwave 
in / out

parallel plate
capacitors

current input

800 um



Frequency shift measurement

• Df/f ~ 0.1 – no change in Q
109

Figure 5.3: (a) Photograph of transmission-line resonator KPUP chip, showing
feedline, resonator, filter, and bias connection. Each adjacent pair of capacitors in
the filter is connected by a strip that serves as an inductor. The two bias electrodes
are connected using aluminum wire bonds. One of them is connected to the DC
biasing line, and the other is connected to ground. (b) DC current response of
transmission-line resonator KPUP. The data fits very well to a quartic function. The
device transitions to its normal state above 1.7 mA.

nominal power of -70 dBm was applied to the feedline by the network analyzer.
The unperturbed resonance frequency of the KPUP was 3.924 GHz. This is close
to the design frequency. The center resonator is not the same resonator that was
simulated; it is 400 µm shorter than the simulated resonator. If �/2 = 1.35mm
and f = vp/�, then using the value for the phase velocity that we obtained from
the simulation, we get 3.89 GHz for the design frequency. After the unperturbed
resonance was measured, a battery box was used to apply the DC bias current. Two
low-pass filters were placed after the battery box in order to suppress high-frequency
fluctuations. They were commercial filters with cut-o� frequencies of 2.7 GHz and
then 98 MHz. A T-shaped RC filter was used at the 4 K stage of the refrigerator in
order to convert the voltage of the battery box to a current. This filter consisted of
two 825-⌦ resistors in series with a 10.2-pF capacitor to ground between them. The
cut-o� frequency of this last filter is 19 MHz. Finally, the bias line is wire-bonded
to the bias inputs on the chip.

The voltage from the battery box was swept in order to measure the current response
of the transmission-line resonator KPUP. The result of the measurement is shown
in Figure 5.3. The maximum current shift before the device surpasses its critical
current is 300 MHz, or an 8% change in the resonance frequency. The critical
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Application:  TES readout circuit
• Several TES signals combined at input to one KPUP
• Similar to circuit used for AC SQUID MUX
• Each signal creates a sideband on the microwave carrier

TES bias 
comb in

µwave in

KPUP

Nulling 
comb + DC 
KPUP bias

µwave outMHz 
filters



AC first stage MUX

• L-C filters
– single layer NbTiN
– interdigital capacitors
– inductance is mainly kinetic
– L ~ 4 µH, C ~ 20 pF
– new version uses spiral inductors
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Figure 5.5: (a) Photograph of RF biasing filters used between transmission-line
resonator KPUP and TES array. The filters are made of niobium. The inductor
is a two-part spiral inductor, where the two parts are joined by a wire bond. The
capacitor is interdigitated. Of the 16 total filters on the chip, all have the same
inductance. The capacitances vary in order to have an array resonance frequencies.
(b) TES bias curve taken with transmission-line resonator KPUP. The bias curve
was measured at both 300 mK and 400 mK. The TES is AC-biased, and the constant
KPUP bias current is 1.39 mA. Two superconducting transitions are seen, due to
the two layers that comprise the TES. The lower-temperature transition is for the
titanium layer, and the higher-temperature transition is for the aluminum layer. The
titanium transition is narrow.

pA/
p

Hz, which is much greater than our estimate of 1.1pA/
p

Hz. It is unclear why
the measured noise is so high.

TES readout
Even though the measured noise for the transmission-line resonator KPUP was
unsatisfactory, we proceeded to integrate it with a TES array. The setup is the same
shown in Figure 4.3, including the same TES array chip. The KPUP and filter chips
are di�erent, however. The transmission-line KPUP chip has been replaced by the
transmission-line resonator KPUP chip. The filter chip has been replaced by a new
filter design. The new filters are made of niobium, and shown in Figure 5.5. Similar
to the old filter design, there are 16 filters per chip, each with a di�erent resonance
frequency. They are LC resonators again, with the inductance constant between
resonators and the capacitance changing. The capacitors are interdigitated, just like
in the old filters. Since the material is niobium, which has a low kinetic inductance
fraction, the inductor design had to change. The new design is a spiral inductor,
which has mostly magnetic inductance. The inner radius of the spiral is 100 µm,
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MUX circuit

• Two-level multiplexing circuit
• First stage is similar to FDM SQUID mux 

TES bias 
comb in

µwave in

KPUP
1

Nulling 
comb in

MHz 
filters

TES bias 
comb in

KPUP
N

Nulling 
comb in µwave out

MHz 
filters



Compared to SQUID array
• Input inductance is somewhat smaller ~ 19 nH

– compared to ~100 nH for SQUID array
– could be decreased further

• Bias power is ~ 30 nW
– Only a fraction of that is dissipated in KPUP
– KPUP can be located on cold stage
– Wiring inductance between TES and KPUP can be small

• Microwave readout allows for multiplexing of several KPUPs 
• Output is monotonic, rather than periodic



Kinetic Inductance Traveling-
wave (KIT) Paramp

PD 22



Parametric amplifiers

NIST Josephson Parametric Amplifier

Signal in Signal out

pump
dL ~ Ipump

2 idler out



Parametric amplifiers

NIST Josephson Parametric Amplifier

Signal in Signal out

pump
dL ~ Ipump

2

• Nonlinearity
– Response to strong pump 

tone
– Transfer of energy from 

pump to signal
– Amplification
– Produce idler tone
– fp = fs + fi

– or 2fp = fs + fi

• Purely reactive nonlinearity
– Need not add noise (beyond 

QM requirement)

idler out



Kinetic inductance cavity para-amp
• Tholen et al. (2007)
• Nb CPW resonator

• Noise not reported



KIT paramp ver 1.0

• Long nonlinear transmission line
– Single layer of TiN or NbTiN
– 0.8 m CPW length

– Tapers at input, output match 50 
ohms

• Analogous to visible frequency 
fiber optic paramp
– Traveling wave design
– Broadband

50nm
1um 1umfrom Hansryd et al. 

(2002)

1um

Lk ≈ 15 Lgeom
vph ≈ 0.1 c
Z0 ≈ 220 W

Eom et al, 2013



Traveling-wave amplifier design 
challenges

• Phase matching
– Need to maintain phase relation between signal, pump, idler
– Dispersion results in phase slippage between pump, signal and idler
– Superconducting TRL nearly dispersionless for f << fgap

• Non-linearity has a dispersive effect
– Self Phase Modulation (SPM), Cross Phase Modulation (XPM)

• Harmonic generation is phase matched (and efficient) process 
in a dispersionless nonlinear TRL
– Depletes pump power before useable gain



Dispersion Engineering
• Periodic loading to produce bandgap at 3wp

wp 3wp

n

lp
6



• Also use dispersion to cancel nonlinear phase slippage

wp 3wp

Achieving phase match

n



• Also use dispersion to cancel nonlinear phase slippage

wp 3wp

Achieving phase match

ws wi

n



V1.0 Paramp gain
• Measured gain of a prototype device  (fpump = 8.5 GHz)
• Pump power ~ 100 uW

• Compare to cavity paramp with ~1 - 10MHz bandwidth 



50 ohm KIT
• Z0 = 200-300 ohms for CPW KIT (due to large Lkin)
• Increase capacitance with IDC
• vph = 0.004 - 0.016 c
• 2.5 cm length
• -18 to -22 dB return loss  from TDR 
• Other 50W KITs:  AA Adamyan et al. 

(2016),  Chaudhuri et al. (2017). 

1, 0.5, 0.32, 0.25 um

1, 
0.5, 
0.32,
0.25 
umPD 32



50 ohm KIT

• Lines are dispersive
– l / 4 resonance from IDC finger 

length

– fres = 60 GHz for 0.5 um line 
width

– Pump harmonics suppressed due 
to phase mismatch
• no additional stop bands needed

– Effect on bandwidth, phase 
matching
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Three-wave vs Four-wave Mixing

wp

wi

ws

wp

4 WM:

II. AMPLIFIER MODELS

A. Coupled-Mode Equations

Consider a transmission line of length L, which has some intrinsic dispersion. By “intrin-

sic”, we mean that the dispersion is caused by some e↵ect that occurs everywhere on the line

and thus, that the dispersion a↵ects the phase evolution of a monochromatic waveform on

a per unit length basis. By using this model, we assume that the dispersion created by the

impedance loadings in the DTWKI can be modeled as some e↵ective intrinsic dispersion.

The di↵erential equations governing voltage and current on the transmission line are

@V

@z
= �L(I)

@I

@t
(6)

@I

@z
= �C

@V

@t
(7)

where L(I) is the inductance per unit length, given by equation (1), and C is the capacitance

per unit length. Combining the two equations, we obtain a wave equation for current:
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We express the current I as the sum of a number of frequency components,
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1

2

 
X

n

An(z)e
i(k

n

z�!
n

t) + c.c.

!
(9)

where c.c represents the complex conjugate of the first term, and the slowly varying complex

amplitudes An satisfy ����
d2An

dz2

����⌧
����kn

dAn

dz

���� (10)

The I2dI/dt nonlinearity connects combinations of four frequencies. Thus, a general

discussion of four-wave mixing in a Kerr medium includes four frequencies in the sum in (9):

two pump tones at !p1 and !p2, a signal at !s, and a generated idler at !i = !p1+!p2�!s. In

degenerate four-wave mixing, the two pump tones are at the same frequency, !p = !p1 = !p2.

Plugging the expansion (9) into (8) and using the approximation in (10), the evolution of

the amplitudes Ap, As, and Ai is governed by the following coupled-mode equations [9]:

dAp

dz
=

i!p

8c̄I2⇤

⇥
|Ap|2 + 2|As|2 + 2|Ai|2)Ap + 2AsAiA

⇤
pexp(i��z)

⇤

10

the circuit material enables one of the circuit parameters to be varied periodically through

the application of a strong pump waveform. If a weak signal waveform is also injected into

the device, the periodic variation will transfer power from the pump to the signal, producing

significant power gain. The parametric amplification process also generates a waveform of

a third frequency, known as the idler. For parametric amplifiers, such as the DTWKI,

that are described by four-wave mixing processes (processes discussed in the next chapter),

we can write the relationship between the pump fp, signal fs, and idler fi frequencies as

fi = 2fp � fs.

In the case of the DTWKI device, the varying circuit parameter is the kinetic inductance

of the component superconducting thin films. Kinetic inductance is a phenomenon in which

the kinetic energy of the Cooper pairs (the particles that carry the current in the supercon-

ductor) manifests itself as a surface inductance. The Ginzburg-Landau and BCS theories of

superconductivity predict that this inductance varies with the supercurrent.[2] In particular,

the second-order Taylor expansion of kinetic inductance, as a function of current, takes the

form

L(I) = L0

✓
1 +

I2

I2⇤

◆
(1)

I⇤ describes the strength of the nonlinearity. In this thesis, we will refer to L0 as the

characteristic inductance. The lack of a linear term in the expansion can be explained on

physical grounds. If a linear term was present, that would imply that the inductance depends

on the sign of the current; such behavior is not representative of a physical process.

The impetus behind the development of the DTWKI amplifier is recent advances in the

knowledge of superconducting thin-film nitrides. It has been found that titanium nitride

(TiN) and niobium titanium nitride (NbTiN) have favorable properties for use in parametric

amplifiers. For example, the materials’ high normal-state resistivity results in high induc-

tance nonlinearity, which is needed to produce adequate signal power gain. Indeed, recent

experiments involving nonlinear resonators show that the inductance modulation can be as

high as 8%. Additionally, thin-film nitrides exhibit low power dissipation at the microwave

frequencies, which translates into excellent noise performance and allows gain to overcome

loss. [3]

Consider a dispersionless superconducting transmission line with nonlinear kinetic induc-

tance. Two obstacles prevent its use as a parametric amplifier, one of which is shock front

formation.[4] Consider the propagation of the strong pump in the dispersionless line. From
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3WM:  Engineering dispersion
• Dispersive effect of capacitor finger self-resonance produces phase 

mismatch between pump and signal/idler
– Can compensate by adding periodic modulation 

Pump 
frequency
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Gain

• 320 nm linewidth
• 2.5 cm total length
• Pump power in range 

200 nW to 2 µW
– Depends on applied 

DC current
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Pump: 15.25 GHz
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Noise
• Y-factor noise measurement
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Conclusions

• Kinetic inductance can provide a purely 
reactive nonlinearity 

• Important parameter for MKID detectors
• Can be used to make interesting devices 
– Up-converter/ Current sensor:  KPUP
– Parametric Amplifiers
– Squeezed state generators
– Multipliers

PD 38



4WM in 0.25 micron linewidth devices, 
2.5 cm length

• Non-phase matched 4 
wave mixing

• Pump frequency is not 
constrained
– No dispersion 

engineering
– not phase matched

• 15 – 20 dB
• Pump power ~ 5 uW
• relatively narrow 
bandwidth due to 
dispersion

2 4 6 8 10 12 14 16 18
Frequency (GHz)

-10

-5

0

5

10

15

20

25

30

G
ai

n 
(d

B)

PD 39



Gain measurement compared to 
theory

• Coupled mode theory including harmonic generation 
and measured dispersion
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• Single parameter fit :     
(I / I*)2 = 0.08

• Max nonlinearity 
agrees with phase 
shift vs. dc current 
measurements

measured
gain
coupled
mode
theory
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Signal-idler noise correlation
• Noise at frequencies symmetrically located around 

fpump/2:  7.1384 GHz (I1, Q1), 7.6086 GHz (I2, Q2)
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Signal-idler noise correlation
• Noise at frequencies symmetrically located around 

fpump/2:  7.1384 GHz (I1, Q1), 7.6086 GHz (I2, Q2)
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